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Abstract

The equilibrium problem and its generalizations had a great influence in the
development of some branches of pure and applied sciences. The equilibrium problems
theory provides a natural and novel approach for some problems arising in nonlinear
analysis, physics and engineering, image reconstruction, economics, finance, game
theory and optimization. In recent times, there were many methods in order to solve the
equilibrium problem and its generalizations. Some authors proposed many iterative
methods and studied the convergence of such iterative methods for equilibrium
problems and nonexpansive mappings in the setting of Hilbert spaces and Banach
spaces. Note that a generalized mixed equilibrium problem is a generalization of an
equilibrium problem and a Bregman totally quasi-asymptotically nonexpansive
mapping is a generalization of a nonexpansive mapping in reflexive Banach spaces. The
purpose of this paper is to combine the parallel method with the Bregman distance and
the Bregman projection in order to introduce a new parallel hybrid iterative process
which is to find common solutions of a finite family of Bregman totally quasi-
asymptotically nonexpansive mappings and a system of generalized mixed equilibrium
problems. After that, we prove that the proposed iteration strongly converges to the
Bregman projection of initial element on the intersection of common fixed point set of a
finite family of Bregman totally quasi-asymptotically nonexpansive mappings and the
solution set of a system of generalized mixed equilibrium problems in reflexive Banach
spaces. As application, we obatin some strong convergence results for a Bregman
totally quasi-asymptotically nonexpansive mapping and a generalized mixed
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equilibrium problem in reflexive Banach spaces. These results are extensions and
improvements to the main results in [7, 8]. In addition, a numerical example is provided
to illustrate for the obtained result.

Key words: Bregman totally quasi-asymptotically nonexpansive mapping, iterative
method, generalized mixed equilibrium problem, reflexive Banach space, strong
convergence.

1 Introduction

In 2008, Peng and Yao [12] generalized the equilibrium problem to the generalized mixed
equilibrium problem. Assume that W is a real Banach space, €2 is a nonempty, closed and convex

subset of W, W is a the dual space of W. Let f: QOxQ — R, ¢:Q — R be two functions and

¥ : Q0 — W be a mapping. We denote the value of v" € W™ at u € X by (u",u). The generalized
mixed equilibrium problem (GMEP) is to find « € €2 such that
flu,v) + (Y(u),v —u) + p(v) > p(u), Vv € Q.

The set of solutions of (GMEP) is denoted by

GMEP(f,¢,9) = {u € Q: f(u,v) + (¥(u),v — u) + ¢(v) 2 ¢(u), Vo € O}

When ¢ =0 and ¢ = 0, the problem (GMEP) is reduced to the equilibrium problem (EP)
which is to find u € Q) such that f(u,v) > 0 for all v € (2. In recent times, some authors constructed
many iterative methods for finding common solutions of fixed points set of nonlinear mappings and
solution set of (EP) or (GMEP) in reflexive Banach spaces with the Bregman distance [6, 10, 14, 16].
In 2018, Kazmi et al. [8] extended and improved the main results in [7] from an equilibrium problem
and a fixed point problem for an asymptotically quasi- ¢ -nonexpansive mapping in intermediate sense
in uniformly smooth and strictly convex Banach spaces to a generalized equilibrium and fixed point
problem for a Bregman relatively nonexpansive mapping in reflexive Banach spaces.

The notion of a Bregman totally quasi-asymptotically nonexpansive mapping is introduced by
Chang et al. [5] in 2014. This mapping is a generalization of many mappings which relate to the
Bregman distance in reflexive Banach spaces. An interesting work naturally raised is to extend and
generalize the existing convergence results to (GMEP) and Bregman totally quasi-asymptotically
nonexpansive mappings in reflexive Banach spaces. In this paper, motivated by the iteration processes
in [7, 8], we introduce a new hybrid iterative method for a finite family of Bregman totally quasi-
asymptotically nonexpansive mappings and a system of generalized mixed equilibrium problems in
reflexive Banach spaces. By using some suitable conditions, we prove that the proposed iteration
strongly converges to the Bregman projection of initial element on the intersection of common fixed
point set of a finite family of Bregman totally quasi-asymptotically nonexpansive mappings and the
solution set of a system of generalized mixed equilibrium problems in reflexive Banach spaces. In
addition, a numerical example is given to illustrate for the obtained results.

2 Preliminaries

Throughout this paper, we assume that W is a real reflexive Banach space, 2 is a honempty,
closed and convex subset of W, W~ is a the dual space of W, g: W — (—oo,+0o0] is a lower semi
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continuous, convex and proper function, domg = {u € W : g(u) < +oo} is the domain of g. For any
u € int(domyg), v € W, we denote by
g(u + Av) — g(u) (1.1)
A
the right-hand derivative of ¢ at u in the direction v. The function g is called Gateaux

differentiable at « if the limit (1.1) exists for all v. Then the gradient of g at « is Vg(u),which is

g'(u,v) = lim
A—0*

defined by (Vg(u),v) = g'(u,v) for all v € W.The function ¢ is called Fréchet differentiable at
if the limit (1.1) is attained uniformly in || v ||=1. The functiong is called be uniformly Fréchet

differentiable on a subset Q of W if the limit (1.1) is attained uniformly for « € Q) and || v ||= 1.

Remark 2.1. (1) ([1], Theorem 1.8) If ¢ is uniformly Fréchet differentiable, then ¢ is uniformly
continuous.

(2) ([1], Proposition 1.1.11). If g is Géteaux differentiable, then ¢ is bounded on bounded sets if
and only if Vg is bounded on bounded sets.

(3) ([14], Proposition 1). If ¢ is uniformly Fréchet differentiable and bounded on bounded

subsets, then Vg is uniformly continuous on bounded subsets of W*.

Let u € int(domyg), the Fenchel conjugate of ¢ is the function ¢* : W — (—oo, +-oc] defined by

g (u") = sup{(u’,u) — g(u): u € W},Vu' € W'.

Definition 2.2 ([5], Definition 2.2). The function g: W — (—o0,+o0] is called Legendre if

(L1) int(domg) = @, ¢ is Gateaux differentiable on int(domg) and dom(Vg) = int(domg).

(L2) int(domg*) = @, ¢ is Gateaux differentiable on int(domg*) and dom(Vg*) = int(domg*).

Remark 2.3 ([5], Remark 2.3). Assume that g: W — (—oo,+oc] is a Legendre function. Then

(1) g is Legendre if and only if ¢* is Legendre.

(2) Vg=(Vg )", ran(Vg) =dom(Vyg") and

ran(Vg') = dom(Vg) = int(domg), where ran(Vg) is the range of Vg .

Definition 24 ([4], p.324). Let g: W — (—oo,+oc] be Géteaux differentiable. Then, the function
D, : domg x int(domg) — [0,00), defined by D (u,v) = g(u) — g(v) — (Vg(v),u —v) is called the Bregman

distance with respect to g.
From the definition, for all « € domg and v,w € int(domg), we have

D (u,v) + D (v,w) = D (u,w) = (Vg(w) — Vg(v),u—v).
Let g: W — (—oc,+oc] be Gateaux differentiable and V, : W x W —[0,00) be defined by
V (u,u") = g(u) = (u’,u) + ¢"(u) forall w € W and v € W',
Remark 2.5 Let ¢ W — (—o0,+o00] be a Gateaux differentiable function. Then
(1) ([9], Lemma 3.2) Forany w € W and u* € W', we have V, (u,u’) = D (u,Vg (u")).

(2) ([20], p.7]) V, is convex in the second variable. In addition, for any wu € domy,

{u}!", Cint(domg) and {¢}" C[0,1] with Y ¢ =1 we have Dg(u,Vg‘*(Z t.Vg(u))) < Ztqu(u, ).
k=1

k k=
k=1 k=1
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Definition 2.6 ([2], p.69). Let g:W — (—oc,+00] be Legendre and Q be a nonempty, convex
and closed subset of int(domg). The Bregman projection of « ¢ int(domg) onto €2 is the unique

vector F)(u) € Q statisfying D (F;(u),u) = inf{D (v,u): v € O}.
Remark 2.7 ([8], Remark 2.1). (1) If W is a uniformly smooth, strictly convex Banach space and
gw)=||u |} for all weWw, then Vg(u)=2Ju for all wcW and J is the normalized duality

mapping which is defined by Ju = {u* € W* : (u,u’) =|| u |||« ||’} for all w € W. Then the Bregman
distance D (u,v) is reduced into the Lyapunov function ¢(u,v) which is defined by
d(u,v) =l w |} —2(u,Jv)+ || v | for all u,u € W. Therefore, the Bregman projection P’(u) is reduced
into the generalized projection [[ (x) in a smooth space which is defined by
(1, (w),u) = min{p(v,u) : v € Q.

(2) If W is a Hilbert space and g(u) =|| u|[" for all uc W, then D (u,v)=|[u—v I for all

u,v € W and J is the identity mapping. Therefore, the Bregman projection P?(u) is reduced into the

metric projection from W onto Q.
Definition 2.8 ([15], p.1). Let g: W — (—oo,+o0] be Gateaux differentiable. Then

(1) ¢ is called totally convex at« € int(domg) if any e >0, we have

v, (u,€) = inf{D (v,u): y € domg,|[v—u|[=¢€} > 0.

(2) ¢ is called totally convex if ¢ is totally convex at every point « € int(domf).

(3) ¢ is called totally convex on bounded subsets of W if any nonempty bounded subset £ of W
and ¢ >0, we have v (E,e)=inf{y (u.€):u € ENdomg} > 0.

Proposition 2.9 ([15], Proposition 2.2). Let g : W — (—o0,400] be Gateaux differentiable. Then g is
totally convex at u €int(domg) if and only if for any sequense {v } Cint(domg) such that
lim D (v,,u) = 0, we have lim || v, —u||=0.

n xProposition 2.10 ([2],71L;mma 2.1.2). Let g: W — (—o0,+oc] be Gateaux differentiable. Then ¢
is totally convex on bounded sets if and only if for any sequence {u } C domg and {v } C int(domg)
such that {u,} is bounded and lim D (v,,u )= 0, we have lim || v, —u, [|=0.

Proposition 2.11 ([3], Co;(;ITary 44). Let g: W — Z—;o,+oo] be Gateaux differentiable and
totally convex on int(domg), €2 be a nonempty, closed and convex subset and « € int(domg). Then

(1) w = FJ(u). if and only if (Vg(u) — Vg(w),w —v) > 0,0 € Q.

(2) D,(v,F)(u)) + D (Fy(u),u) < D (v,u),v €S

Proposition 2.12 ([13] Lemma 1). If g: W — R is Gateaux differentiable and totally convex on
W, uweW and {u } CW satisfying {D (u,u)} is bounded, then the sequence {u, } is bounded.

Proposition 2.13 ([16], Proposition 2.3). If ¢ is Legendre such that V¢* is bounded on bounded subsets,
uwe W and {u } C W satisfying {D (u,u,)} isbounded, then the sequence {u, } is bounded.

Definition 2.14 ([17], p.203, p.207, p.221). Let S, = {u € W :||u|| <1} and B. = {u € W : ||u|| < &}
for some € > 0.Then
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(1) g: W — R is called uniformly convex on bounded subsets if p (A\) >0 for all \,e>0, where

Sg(u) + (1 — ) g(v) —g(bu +(1 — Jv) ‘

p. :[0,00) —[0,00) is defined by p_(\) = . SO 51-0)

a.(N)

(2) g: W — R is called uniformly smooth on bounded subsets if lAiHJT =0 for all £>0, where

o :[0,00) —[0,nc) isdefinedby o ()= sup I ;((11 ’6‘;)9(“ — o)~ g(w)
ueB, ,ves,| ,8€(0,1) —

Remark 2.15 ([11], p.7). The function ¢ is uniformly convex on bounded subsets if and only if ¢ is
totally convex on bounded subsets.
Definition 2.16 ([9], p.509). The function ¢: W — (—oo,+oc] is called strongly coercive if

m M*—&—oo

NI

Proposition 2.17 ([17], Proposition 3.6.3). Let g: W — R be strongly coercive, continuous and
convex. Then ¢ is bounded on bounded subsets and uniformly smooth on bounded subsets if and only
if dom(g") =MW", ¢"is strongly coercive and uniformly convex on bounded subsets.

Proposition 2.18 ([17], Proposition 3.6.4). Let g : W — R be convex, continuous and bounded on
bounded subsets of W. Then the following statements are equivalent.

(1) ¢ is uniformly convex on bounded subsets and strongly coercive.

(2) Dom(g*) =W~, g* is bounded and uniformly smooth on bounded subsets.

(3) Dom(g*) =W, ¢ is Fréchet differentiable and Vg" is uniformly continuous on bounded

subsets.
Lemma 2.19 ([11], Lemma 2.2). Let »>0and g: W — R be convex and uniformly convex on

bounded  subsets.  Then g(Zaﬂu”)SZag(un)—aialpz(Hui—uj||) with 4 je{1,2,...,m},

n=1 n=1

u € B ={ucW:|ul[<e} and o €[0,1] such that > a =1, and the function p_is defined as in

n=1

Definition 2.13.
We denote by F(S) = {w € Q: Sw=w} the set of fixed points of 5:Q — Q.

Definition 2.20 ([5], Definition 2.10). Let S:$ —  be a mapping, D, be the Bregman distance,

¢ be the Lyapunov function. Then
(1) S is called a Bregman quasi-asymptotically nonexpansive mapping if F(S)= @ and there

exists a real sequence {4 } C[l,c0) with lim§ =1 such that D (u,S"v) <6 D (u,v) for all veQ and
u € F(S).
(2) S is called a Bregman totally quasi-asymptotically nonexpansive mapping if (S) = @ and there

exist nonnegative real sequences {« },{3 } with lima, = lim 8, =0 and a strictly increasing continuous

function ¢:R*— R with ¢(0)=0 such that for all vcQ and weF(S), we have
D (u,5"0) < D, (u,v) + o, (D, (u,v)) + 5,
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(3) S iscalled a Bregman firmly nonexpansive mapping if for all «,» € ©, we have

(Vg(Su) — Vg(Sv), Su — Svy < (Vg(u) — Vg(v),Su — Sv). (4) S is called a Bregman quasi-nonexpansive
mapping if F(S) = @ and forall v € and v € F(S), we have D (u,Sv) <D (u,v).

(5) S is called a totally quasi- ¢ -asymptotically nonexpansive mapping if F(S)= @ and there exist
nonnegative real sequences {« },{3 } with lima, = limg =0 and a strictly increasing continuous

function (:R™—R" with ¢(0)=0 such that for all veQ and weF(S), we have
¢(u,5"v) < ¢(u,v) + a,((¢,(u,0)) + 3,
(6) S is called a totally quasi- ¢ -asymptotically nonexpansive mapping if 7(S) = @ and there exists a
real sequence {6 } C [1,00) with lims, =1 such that ¢(u,S"v) <6 ¢(u,v) forall v Q and u € F(S).
Remark 2.21 ([5], p-42). (1) IlftS’ is a Bregman quasi-asymptotically nonexpansive mapping, then
S is a Bregman totally quasi-asymptotically nonexpansive mapping with ((\) =\ for all X >0,
a =6 —1 with 6§ >1 satisfying }eri 6 =1and 3 =0; but the converse is not true.

(2) If S is a quasi- ¢ -asymptotically nonexpansive mapping, then S is a totally quasi- ¢ -
asymptotically nonexpansive mapping with ((\) = X forall X >0, o =6 —1 with § >1 satisfying
lim¢ =1 and 3, = 0.

n—00

(3) If S is a Bregman firmly nonexpansive mapping, then S is a Bregman quasi-nonexpansive
mapping.

Definition 2.22 ([18], Definition 2.10). Let S:Q —  be a mapping. Then

(1) S is called closed if any sequence {v } in Q suchthat limu =u€Q and limSu =v €,

n—00 n—0G

we have Su = v.
(2) S is called uniformly asymptotically regular on Q if for all bounded subset U of @ we have

lim sup || $""'u — S™u ||= 0.

nN—=00 gpely

Lemma 2.23 ([5], Lemma 2.16). Suppose that g : 7 — (—oo, +-oc] is @ Legendre, totally convex on bounded
subsets of W, and S : Q2 — Q0 isa closed and Bregman totally quasi-asymptotically nonexpansive mapping. Then
F(8) isconvexand closed.

In order to slove (GMEP), we suppose that f,¢, satisfy the following conditions.

(Cl) f(u,u)=0,Yu €.

(C2) f(u,v)+ f(v,u) <0,Yu,v € Q.

(C3 hIil s[}lpf()\w + (1= Nu,v) < f(u,v), Yu,v,w € Q.

(C4) For each u € Q, v— f(u,v) is convex and lower semi-continuous.

(C5) ¢ : © — R is convex and lower semi-continuous.

(C6) ¥ : Q2 — X" is continuous monotone.

Lemma 2.24 ([6], Lemma 2.8). Assume that ¢: W — R is a Legendre and strongly coercive
function, the functions f,¢,¢ satisfy the conditions (C1)-(C6). Consider the mapping
Res!  :W — 2% which is defined by

S
Res] (u)={w € Q: f(w,v) + ¢(v) + (¥(w),v — w) + (Vg(w) — Vg(u),v —w) > ¢(w), Vv € O}
Then
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(1) Dom(Res; )=W, Res;_ is asingle-valued and Bregman firmly nonexpansive mapping.
(2) F(Res] ) = GMEP(f,¢,%),and GMEP(f,,v) is convex and closed.
(3)Forall uewand ve F(Res] ), we have D (v, Res; (w)+ D (Res]  (u),u) <D (v,u).

NG N

3 Main results

Let W be a real reflexive Banach space and Q2 be a nonempty, closed and convex subset of . We
denote by I = {1,2,..., N} with N € N. Suppose that for each i € 7, S : Q2 — Q is Bregman totally quasi-

asymptotically nonexpansive mapping with nonnegative real sequences {«”} and {3} satisfying
lim !’ = lim 8 = 0 and strictly increasing continuous functions ¢ :[0,00) — [0,00) with ¢(0) = 0.
Put o =max{a:icl}, 3 =max{8”:icl} and ((t)=max{¢"(t):ieI} for all ¢>0. Then

lima, = lim 8, =0, ¢(0)=0 and D (p,S'v) < D (p,u) + (D (p,u))+ 8, for all ue®, pe (F(S)
n—0o0 n—oo h ) el

and forall iel.
Theorem 3.1. Assume that W is a real reflexive Banach space, and Q0 is a nonempty, closed
and convex subset of W.Let g: W — R be Legendre, strongly coercive on W, and bounded, totally

convex, uniformly Fréchet differentiable on bounded subsets of W. For each k € K = {1,2,..., M} with
M €N, the functions f ¢4, satisfy the conditions (C1)-(C6). For each i€, S :Q—Q is a closed,

uniformly asymptotically regular and Bregman totally quasi-asymptotically nonexpansive mapping with
nonnegative real sequences {"} and {8} satisfying lim o\’ = lim 3" =0 and strictly increasing

continuous function (" :[0,00) — [0,00) with ¢"(0) =0 such that
F=(VFES )N GMEP(f,,0,,%,))

i€l keK
is nonempty and bounded. Let {u } be asequence generated by
u,v, €0Q,0 =Q
w” =Vg'laVg(v)+(1—a )Vg(S'u,)

ion

(i,)
" 3.1)

i = argmax{Dg(u”,w?) el w =w
Un+1 = HM(,wn)

Q = {u c Qn : Dg(u,v

n+1 S an‘D_g(u’ vn) + (]‘ - a’n)D (U’7 un) + 571}
=n (u),Vn =2

n+1) g

v +1
where § =(1-a,)[a, sup{¢(D (u,u,)): we F}+ 3], the function R :=Res;  is defined as in
Lemma 2.24, H" = R (R_,(R_,(...(R)))) for all ke K, {a } C[0,1] such that lima = 0. Then the

sequence {u } strongly convergesto p = P:(u,).
Proof. We divide the proof of this theorem into six steps.
Step 1. We claim that P!(v,) is well-defined. Indeed, by Lemma 2.23 and Lemma 2.24, we find that

F(S)) and GMEP(f,,¢,,v,) are closed and convex for all 7 < I and k € K. Therefore, by combining this

38



An iterative process for a finite family of Bregman totally quasi-asymptotically ... Nguyen

with the assumption, we obtain that 7 = () F(S,)) N ([ GMEP(f,,4,.¢,)) is a nonempty, closed and

i€l keK

convex subset of . This fact ensures that P(u,) is well-defined.

Step 2. We claim that ¢ (u,) is well-defined. We first claim that €2 is convex and closed for all

n >1 by mathematical induction. Obviously, for » =1, we have © = is closed and convex. Now we
suppose that 2 is convex and closed for some m > 1. Then, by the definition of () , we have
Q. ={ue®, 1a, (Vo) u—v,)+01-a)Vo(u,)u—-u,)—(Vy, )u=0,,)

< 9,,)~a,90,)~1—a,)glu,)+E } 3.2)
By combining (3.2) with the continuity of vg(.), we get that @  is convex and closed.

1

Therefore, © is convex and closed for all » > 1.
Next, we will prove that 7 for all » >1 by mathematical induction. Obviously, we have
F cQ=0Q.Now, we suppose that 7 c for some m >1. We show that 7 c Q) . .Indeed, for any

ue F,we get ueQ By Remark 2.21.(2) and Lemma 2.24, we find that H" is a Bregman quasi-

nonexpansive mapping. Then

D (wuv,, ) =D uH"(w,)) <D (ui,). (3.3

m+1 g
Furthermore, by Remark 2.5.(2) and the fact that S is a Bregman totally quasi-asymptotically
nonexpansive mapping, we obtain
D (u,w )= D (u,w'™)

g m g m

= D.‘/ (U, vgx[amvg(urn) + (1 - am)vg(szmum)})
<a D (U, Um) + (1 —a )Dq (u,S?mUm)

— m g m

<a,D (uv,)+1-a)D (uu,)+e (D (uu,))+ 8]

— m g m

=a,D (uv,)+1—a )D (uu,)+E . (3.4)
It follows from (3.3) and (3.4) that
D_q (u7 U!7!+1) < amDy (U, 7)m) + (1 - am)D_q (U, u'm) + £m' (3'5)

This leads to w €, and hence 7 c . Therefore, 7 cQ for all »n >1. By combining this

with F = @, we have O = @. By the above, we find that ©  is nonempty, closed and convex. This

1

proves that P? (u,) is well-defined.

Step 3. We claim that {u }and {v }are bounded, and the limit lim D (u,,u)exists. Indeed, it

n—o0

follows « = P’ (u,)and Proposition 2.11 that

D (y,u,)+ D (u,,u) <D (y,u,) (3.6)
forall ycQ . Let ue F. Since 7 cQ , we get w e . By choosing y = « in (3.6), we obtain
D (uu,)+D (u,u) <D (uu,). (3.7)

This implies that D (u,u) <D (u,u,)~ D (u,u,) < D (uu,). Therefore, {D (u )} is bounded.

n? 1 n’ 1

Then, from Proposition 2.12, we find that the sequence {u } is bounded. Furthermore, by (3.7), we
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have D (u,u,) < D (u,w,) = D (u,,u,) < D (u,u,). This proves that {D (u,u )} is bounded. By combining
this with the boundedness of {a } and {3 }, we find that there exists 5 > 0 such that
b = sup{a, sup{((Dg(u, w)):u€Ft+08 1}

neN”

Put o =max{D (u,v),supD (u,u )}. We will claim that D (u,v)<a+b for all n>1 by

neN*

mathematical induction. Indeed, we have D (u,v,) < a < a +b. Now, we suppose that D (u,v, ) <a+b for
some m > 1. Then, by (3.5), we have
D (uv,.,) <aD(uwv)+0-a)D (vu, )+1—a )b

m- g
_am(a—}—b)—l—(l—al)a—i—( )b—a+b
This imples that D (u,v,) <a+b for all n>1 and hence the sequence {D (u,v,)} is bounded.

Furthermore, by Proposition 2.18, we find that ¢* is bounded on bounded subsets. By Remark 2.1(1), we
conclude that Vg¢* is bounded on bounded subsets. It follows from Proposition 2.13 and the boundedness
of {D (u,v,)} that {y } is bounded.

Moreover, we have v, = By .1(“1) €Q ., cQ.Bychoosing y = u_,in(3.6), we get

n+1

D,(u,,.u)+D,(u,u) <D (u

n+17 n+1’ 1)

This implies that D (u,,u,) <D (u D (u,,u)<D/u,u) This proves that {D (u uv,)}

n+17 1) n+1’ n+17

is a nondecreasing sequence. By combining this with the boundedness of the sequence {Dg(un,ul)]q

we conclude that the limit lim D, (u ,u,) exsits.

n—o0

Step 4. We claim that lim v, = p € Q. Indeed, for m > n, we get that _Pq( u)eQ cQ. By

X)
n—00

choosing y = in (3.6), we get D (u ,u )+ D (u,u) <D (u ,u,). This leads to

m’ n’

W) <D (u u) =D (u,w,). (3.8)

n? 1

0< D (u

Taking the limit (3.8) as m,n — oo and using the existence of lim D  (u,,u,), We obtain

n—00

lim D (u,,u )=0. (3.9)

)
m,N—00 m

It follows from (3.9), the boundedness of the sequence {w }, and Proposition 2.10 we have
lim [[u —u [|=0. (3.10)

m,n—00

This proves that {« } is a Cauchy sequence in €. Since W is a Banach space and © is a closed

subset of W, there exists p € @ such that limu, = p.
Step 5. We claim that p € F. First, we prove that p € () F(S,). Indeed, by choosingm =n+1in

i€l

(3.9) and (3.10), we obtain
im D (u, v, )=lim |[u_, —u [=0. (3.11)

g
n—oo

Since u,,, =P (u)eQ , CQ , weget

Q.
<aD (un+l7vu) + (1 - an)D_q (uu+17 un) + 5/1' (3'12)

D (u Un+1) — n g

n+1?
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Let w e F.By the boundedness of {D (u,u )} and lim«, = lim 3 =0, we find that hmg =0.By
property of the Bregman distance, we have o o -
| D,(u,,,v,) [E{Vy(v,) = Vv, ) u—u )+ D (wv)-D(wu,,)]|
<(1Vg,) 1+ 11 Vg, ) DA 1+ I, D+ 1D, w0,) |+ 1D, (e, |-

(3.13)
By Remark 2.1(3), we find that Vg is uniformly continuous on bounded subsets. By combining this

with the boundedness of {v }, {D (v.u)}, {D (uv)}, {v,} and (3.13), we find that the sequence
{D,(u,,,;v,)} is bounded. It follows from (312), lima, =lim¢ =0, we conclude that

n—00

lim D (u,,v )=0. Then, by Proposition 2.10 and the boundedness of {v .}, we find that

n—oo 9
lim || u,_, —wv  |l=0.By combining this with (3.11), we have lim llv,,, —u, |[=0.Since g is uniformly
continuous and Vg is uniformly continuous on bounded subsets by Remark 2.1, we find that

tim || g(u,,,) — g(u,) ||= lim || Vg(x,,,) — Vg(u,) [|= 0. (3.14)

From v = H"(w ), and using Lemma 2.23(3) and (3.4), we find that

— Mi=\ — —

Dq(vn+l7wn) = Dz/(H (wn)7wn) S D{/(u7 wn) - Dq(u7 Un+1)

<aD (uv)+1-a)D (wu)+& —D (wv,,,)

<a, [D_q(u, v)— Dq(u7 u )]+ [D_q(u7 u)— Dy(u7 v, JI+E (3.15)

Furthermore, by the definition of the Bregman distance, we have

‘ Dg(uau”) - Dg(u7vn+1) |
= [g(u) — g(u,) —(Vg(u,),u —u )] —[g(u) = g(v,, ) —(Vg(v,, ),u—v, )|
<g(v, ) =g ) [+ Vaw )l Nu, —v, A+ Vv, )=V )| [|u—u,ll (3.16)

Then, by using (3.14), (3.16), the boundedness of {u },{v },{Vg(v,)} and the boundedness of 7, we
have

lim | D (u7 ) Dg(u7 vnﬂ) |= 0.

n—00

(3.17)
It follows from (3.15), (3.17), the boundedness of {D (u,v, )}, {D,(u,v,)}and lima, = lim¢ =0 that

lim D (v, w w, )= 0. (3.18)

Moreover, we conclude from (3.4) and the boundedness of {D (u,u )}, {D (u,v,)}that {D (u,w,)}is

bounded. By combining this with the fact that V¢* is bounded on bounded subsets and using Proposition
2.13, we find that {a, } is bounded. Then, by using Proposition 2.10 and (3.18), we obtain that

lim || v,,, - @, ||= 0. (3.19)
It follows from lim |v,,, —u, |=0 and (3.19) that lim || u, — @, |[=0.By combining this with the
uniform continuous of g, the boundedness on bounded subsets of V¢ and the inequality
| D,(uw,w,) <] g(u,) = g(w,) [+ Vg(@) || -] w, —w, ],
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we find that lim D (u,,@,) = 0. Therefore, by definition of i, we obtain lim D (v ,w”) = 0. By

using the argumennt; as in the proof of (3.19), we find that lim || u, —w” ||:no.\By combining this
with the uniform continuous on bounded subsets of Vg, we gei[ﬂ
lim || Vg(u,) = Vg(uw))) [|= 0. (3.20)
Note that Vg = (Vg")™". Then we have
1 Vg(u,) = Vgw”) [H] Vo(u,) —a,Vg(v,) + (1 —a,)Vg(Su,) ||
=l (1=a,)[Vy(u,) = Vg(S'u,)]+a,[Vg(u,) = Vg,

in

>(1-a)|lVy(u,)—Vg(S'u)|l—a, || Va(u,)—Vg(v,) |l
This leads to
(1—a) |l Vg(u,) = Vg(S'u ) |I<|| Vg(u,) = Vgw'”) || +a, || Vg(u,) = Vg(v,) || - (3.21)

It follows from (3.20), (3.21), the boundedness of {Vg(u )},{Vg(v,)} and lima =0 that
lim || Vg(u,) — Vg(S'w,) ||=0. (3.22)

Then we conclude from (3.22) and the uniform continuous on bounded subsets of Vg¢* that
lim ||y, —S'u, [F=0. (3.23)

n—oo

By combining (3.23) and lim u, = p, we get that lim 5'u = p for each i ¢ 1. Therefore, by combining
this with the uniformly asymptotically regular property of .. and the following inequality
18, —p Il S, = ST, || +11 8w, —pl,

n in

we find that lim 5", = p and hence lim S(S'v,) = p. By the closedness of 5, we have Sp = p. It
means that p € [ F(S,).

il

Next, we prove that p € ﬂ GMEP(f,p,,%,). Indeed, foreach k € K, by Lemma 2.24, we have

SUH (w,),0) + ¢, (v) + (& (H (@), v — H' (w,)) +(Vg(H"(®,)) — Vg(H (w,)),v — H"(w,))
> ¢ (H"(w,)),Yv e
By the condition (C2), This leads to
0, (v) = (H'(@,)) + (o (H'(@,)),0 — H'(w,)) +(Vg(H" (@,)) = Vg(H" (®,)),v — H'(w,))
>—f(H"(w,),v) > [ (v,H" (@,)),Yv €L
(3.24)

Furthermore, by Lemma 2.24, (3.4) and the fact that #* is a Bregman quasi-nonexpansive mapping for
each k € K, we find that

D,(H!(@,),,) < D,(uH'(@,))~ D, (. H'(@,))

n

< D,(u, H (@)~ D, (u, H'(@)) < ..
<D, (u,@,)— D, (u,H"(@,))

<aD (uv)+(1-a)D (uu)+ —D(u H'(w)). (3.25)
Similarly, since H" is a Bregman quasi-nonexpansive mapping, we get that
D (uv,,,)= D (u, H"(w)) < D (u, H'(w,)). (3.26)
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It follows from (3.25) and (3.26), we have
D, (H }((’E}n),ﬂ/ﬂ) <aD(uuv)+(1—aqa, )Dg(u7 u)+E — Dg(u,v

- n g 7L+1)

= an[Dy(u7 vﬂ) — D (u, un)] + [Dy(u7 u)—D (u, Un+1)] +¢,.

9 g

By combining this with (2.17), the boundedness of {D (u,u,)}, {D (u,v,)}and lima, = lim & =0 that

n—00

lim D, (H* (@, ), w,) = 0. (3.27)
By Proposition 2.10 and the boundedness of {w }, we find that
lim || H"(w,) — @, [|= 0. (3.28)
I(Iae that
| H (@) - plI<| H (@)~ @, [|+]| @, —u, || +]|lu, —p]. (3.29)

It follows from (3.28), (3.29), lim ||u, —w, =0 and limu, = pthat lim H*(w ) = p. Similarly,

we find that lim #*'(w,) = p. Therefore, lim || H*(w )—H"'(w ) |=0. By combining with the

n—oo "

uniform continuous on bounded subsets of Vg, we have lim || Vg(H"(w,))— Vg(H" '(w,)) ||= 0. This

n

implies that lim | (Vg(H"(w,)) = Vg(H"  (w,)),v — H(w,)) |= 0. By combining this with lim H*(w )= p,

n—oo

the lower semi-continuous property of ¢, the continuity of ¢, we find that
0, (V) =@, (p) + (¥, (p),v —p) = f(v,p),Yv €Q
and hence forall v € Q, we have
S, p) + (), 0 —y) +¢,(p) — ¢, (v) <0. (3.30)
For all ¢ €(0,1], put v, =tv + (1 —t)p. Since v,p €2 and 2 is convex, we have v, € Q. Thus,
replacing v by v, in (3.30), we obtain

1,0 0) + (b (p)p —v,) +¢,(p) —¢,(v,) < 0. (3.31)

Then, by using the condition (C1), the convexity in the second variable of f, the convexity of ¢
and (3.31), we have

0=f(v,v,)

= [ (0,0) + W (p),y, —v) + ¢,(v) =9, (v)

<t (v,0) + A=), p) + KL (p), v —v,) + A =)W, (p), p —v,) + 1, (v) + A =), (p) — 4, (v))
= 1[,(0,0) + (¥ (p), v —v,) +¢,(v) — 9, (v)]+ A=) [£(v,,p) + (L, (p). p — v) + 9, (p) — ¢, (v,)]

< £ (v,0) + (&, (p),y —v,) +9,(0) =4, (v,)].

Since by ¢ € (0,1, we have f (v,v)+(t,(p),v —v,)+¢,(v) —¢,(v,) > 0. Letting ¢ — 0" and using
the condition (C3), we have f(p,v)+(¥.(p),y—p)+¢,(v)—¢(p)>0. This leads to

p € GMEP(f,,,,4,) foreach k€ K and hence p € (| GMEP(f,,¢,,¢,). Therefore,

keK

p€F =((FE)) N GMEP(f,0,,%,)-

iel keK

Step 6. We claim that p = PZ(u,). Indeed, since w, ,, = P/ (u,), by Proposition 2.10, we have

Q,

(Vg(w)=Vg(u,, )u,  —v)>0 (3.32)
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forall v € Q) Letw € F. Since F C Q

(3.32), we get

o L0 We have we€Q . By choosing v=u in

(Va(u,)— Vg(unﬂ),unH —u)> 0.

Taking the limit in the above inequality as n — oo, using lim u = p and the uniform continuous on

n—00

bounded subsets of V g, we find that (Vg(u,) — Vg(p),p —u) >0 for all u € F. By Proposition 2.11,
we find that p = P/(u,).

In Theorem 3.1, by choosing 5. =5 forall ie 7 and k € K = {1}, f = f,¢, = ¢,9, =1, we obtain
the following convergence result for a Bregman totally quasi-asymptotically nonexpansive mapping and a
generalized mixed equilibrium problem in reflexive Banach spaces.

Corollary 3.2. Assume that W is a real reflexive Banach space, and © is a nonempty, closed
and convex subset of W,and g: W — R is Legendre, strongly coercive on W, and g is bounded,

totally convex, uniformly Fréchet differentiable on bounded subsets of W. Let f,¢,% satisfy the conditions
(C1)-(C6) and S :Q2— Q be a closed, uniformly asymptotically regular and Bregman totally quasi-
asymptotically nonexpansive mapping with nonnegative real sequences {a } and {3} satisfying

lima, =0, lim3 =0 and strictly increasing continuous function ¢ :[0,00) — [0,00) with ((0)=0

n—o0 n—sc

such that F = F(S)(\GMEP(f,,%) is nonempty and bounded. Let {u_} be a sequence generated by

u,v, €Q,0 =Q
w, =Vg'la Vg )+(1—a )Vg(S"u,)]
v, = Resiv _‘,,(wn)

Q. ={ueq D (uy
=P (u),Yn>2

<aD (u7vn)+(17an)D (uvu,,)+€7,}

n+1)7 no g 9

un,+1

where §, = (1—a,)[e, sup{¢(D, (u,u,)): u € F}+ 3], the function Res{  is defined as in Lemma
223 and {a}c[0,] such that lima =0. Then the sequence {u } strongly converges to

p=Pl(u,).

Note that if the Banach space w is uniformly smooth, then W is smooth and reflexive. By
using Remark 2.7, from Theorem 3.1, we obtain the following convergence result for a finite family of
totally quasi- ¢ -asymptotically nonexpansive mappings and a system of generalized mixed equilibrium
problems in uniformly smooth and strictly convex Banach spaces.

Corollary 3.3. Assume that W is a uniformly smooth and strictly convex, and Q@ is a
nonempty, closed and convex subset of W. For each k € K :={1,2,.... M} with M € N, the functions

fop, satisfy the conditions (C1)-(C6). For each icl, S :Q—Q is a closed, uniformly
asymptotically regular and totally quasi- ¢ -asymptotically nonexpansive mapping with nonnegative real

sequences {o\"} and {8} satisfying lim o!” = lim 8 =0 and strictly increasing continuous function

¢ [0,00) — [0,00) with ¢"(0)=0 such that F = ((\F(S))N([)GMEP(f.¢,.1,)) is nonempty and

iel keK

bounded. Let {u } be asequence generated by
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u,v, €0,Q =0
w? =Ja Jw)+1—a)l(S )]

g in
(i)
n

i = arg max{qﬁ(uﬂ,wf]’)) iell,w, =w
v = H‘”(E)ﬂ)

n+1
Q,, =ueQ duy,,)<adwy,)+1-a,)d(uwu)+E}
u =11, (v),Vn>2

n+1 (Z” 1

where ¢ =(1—a,)[o, sup{¢(d(u,u,)):u e F}+ 3 ], the function R :=Res!  is defined as in
Lemma 2.24, where Vg is replaced by 7, H* =R (R_(R_,(...(R)))) for all ke K, {a}cC[01]
such that lima_= 0.Then the sequence {u } strongly convergesto p =11, (u,).

From Corollary 3.3, by choosing S, =5 forall ie I and k € K = {1}, f = f,¢o, = ¢,4, =+, We obtain
the following convergence result for a totally quasi- ¢ -asymptotically nonexpansive mapping and a
generalized mixed equilibrium problems in uniformly smooth and strictly convex Banach spaces.

Corollary 3.4. Assume that W is a uniformly smooth and strictly convex, and @ is a
nonempty, closed and convex subset of Ww. Let the functions f,p,% satisfy the conditions (C1)-(C6) and

S:Q — Q be a closed, uniformly asymptotically regular and totally quasi- ¢ -asymptotically nonexpansive
mapping with nonnegative real sequences {« } and {3} satisfying lima, =0, lm 8 =0 and strictly

increasing continuous function ¢ :[0,00) — [0,00) with { (0) = 0 such that F = F(S)NGMEP (f, g {) = @
and bounded. Let {u } be asequence generated by

u,v, € Q.0 =Q

w =J"aJw)+1—-a)J(S"u)]

U= Resgb L (w,)

Q. ={ueQ duv, ) <aduv)+l—a)p(uu)+E}
u = l_[g)V"l(ul),Vn >2

where ¢ = (1—a )[a, sup{¢(é(u,u,)): u € F} + 3], the function Res]  is defined as in Lemma 2.24,
where Vg is replaced by J, {a } C[0,1] such that lima = 0. Then the sequence {u } strongly

converges to p =TI, (u,).

Remark 3.5. (1) It follows from Remark 2.21 that each Bregman quasi-asymptotically nonexpansive
mapping is a Bregman totally quasi-asymptotically nonexpansive mapping. Therefore, the conclusions in
Theorem 3.1, Corollary 3.2 are hold when a Bregman totally quasi-asymptotically nonexpansive mapping
is replaced by a Bregman quasi-asymptotically nonexpansive mapping. Similary, the conclusions in
Corollary 3.3 and Corollary 3.4 are hold when a totally quasi- ¢ -asymptotically nonexpansive mapping is
replaced by a quasi- ¢ -asymptotically nonexpansive mapping.

(2) Theorem 3.1 is an improvement of ([8], Theorem 4.1) from a generalized equilibrium and a
Bregman relatively nonexpansive mapping to a finite family of Bregman totally quasi-asymptotically
nonexpansive mappings and a system of generalized mixed equilibrium problems in reflexive Banach
spaces.

(3) Corollary 3.3 and Corollary 3.4 are improvements of ([7], Theorem 3.1) from an equilibrium
problem and a fixed point problem for an asymptotically quasi- ¢ -nonexpansive mapping in intermediate
sense to generalized mixed equilibrium problems and totally quasi- ¢ -asymptotically nonexpansive
mappings in uniformly smooth and strictly convex Banach spaces.
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Finally, we give an example to illustrate for Theorem 3.1. In the following example, the Bregman
distance D is not a norm and the Bregman projection is not a the generalized projection in smooth Banach

spaces. Therefore, ([7], Theorem 3.1) cannot be applicable to the given mappings in Example 3.6.
Example 3.6. Let W =R, Q=[0,1], g(u) = »"* forall w e R. Then forall u,we R, we have

1/3
w
4 b

For each i € I = {1,2}, we consider § (u) = — for all w e Q. We have F(S )= {0}. Therefore, for
? 21

4/3
Vy(u) = 4u’, g'(w) = 3[3:] ; Vg'(w) =

D (u,v) = u' — o' —4v*(u—v) = u' + 30" — 4w’

we F(S) and u € Q, we obtain
4

<3u' = D (0,u) = D (w,u).

9

Dg(w,Si"u) =D (0,5'u) = 3(S'u)" = 3[;,,

This proves that 5. is a Bregman totally quasi-asymptotically nonexpansive mapping with
ol = 3" =0 forall n e N". Foreach k € K = {1,2}, we consider
fi(u,v) = = +uw, ¢ (u) = v, o (u) = u for all u,0 € Q. Then, by directly checking, we find that

[, satisfies the conditions (C1)-(C6). Now, we find the formula of w:ReSj]ivﬂ-i‘k (u) for

u€W,weQ asinlLemma2.24. Indeed, w = Reszwﬂ_ (u) if

Res] . (u) ={w € Q: f(w,v) + ¢, (v) + (¢, (w),v — w) + (Vg(w) — Vg(u),v —w) = ¢,(w), Vv € O} (3:33)

By substituting f,¢,,%,,Vg into (3.33) and by directly calculating, we get

v+ (2w + 4w’ — 4’ ) + 4uw — 4w’ — 3w’ > 0.

Put a(v) = v* + (2w + 4w® — 4u®)v + 4u*w — 4w* —3w?® for all veQ Then hA(v) is a quadratic
function and A = (4w + 4w” — 4u*)*. We consider the following cases.

Case 1. A>0. Then the equation h(v) = 0 has two solutions: v, = w and v, = 4u’ — 4w’ — 3w. In
order to a(v) >0 forall v € Q), we have following two cases:

Casell v =1and v, <wv, Then w=v =1, v, =4u’ —7 >1, andhence u > .

Case 1.2. v, =0 and v, <v. Then w=y =0 and v, =4’ <0. This leads to u < 0.

Case2. A <0. Then w+w® =«* and h(v) >0 forall vcQ From w+ v’ = u’, we get

2
[%Nsmﬁ +12 + 9u3] —{12
Yisi\BLE +12 + o0’

Since w e Q, we have 0 < «* <2 and hence 0 <u < 3. Therefore,

= R(u).

w =

0 ifu<0
Res] = (u)=w=1{R(u) fo<u<iP
1 ifu>:\3/5‘
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. 1 . . . .
Bytaking a = p——t we have lima = 0. By the above, all assumptions in Theorem 3.1 are satisfied
b n n

n—o0

with the given functions f,,,v,,S.. Therefore, by Theorem 3.1, the sequence {u } which is defined by
(3.1) convergesto 0€ F = ((\F(S))N([)GMEP(f,,0,,%,)).

i€l keK
Let u =0.5,0, =0.6,Q, = It follows from directly calculating that the iterative process (3.1)
becomes the following iteration.

3

e, +4(1— a,) 221"

w? = 2 Vi=12
A 1 |

i = argmax{u’' + 3(w"”)" —4u (W)’ :i=12} (3.34)
7, =ulv,, = R(A(,)

3a v' +3(1—a )u' -3
= S IO s gz

o) +4(l—a Ju —4v,

By using Scilab-6.0 software for calculating the numerical result of the iteration (3.34), we find that
{u,} approximates to 0 when » =54 and || «, —0]||<107". The convergence behavior of the iteration
(3.34) is presented by the following figure.

085 =Y

[:)—o—o Retation (3.349) ]

Values of un)
o
J
2
1

L]
0 S 10 15 20 25 30 s 0 -5 <0

o
a
3

Number of iteration

Figure 1: The convergence behavior of the iteration {u,,} generated by (3.34) to 0.

4 Conclusion

In this paper, a hybrid iterative method is proposed for solving a finite system of generalized
mixed equilibrium problems and common fixed point problem of a finite family of Bregman totally
quasi-asymptotically nonexpansive mappings reflexive Banach spaces. Furthermore, a strong
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convergence theorem for the proposed iteration is proved in reflexive Banach spaces. As application,
we obtain some convergence results for generalized mixed equilibrium problems and totally quasi-¢-
asymptotically nonexpansive mappings in uniformly smooth and strictly convex Banach spaces. In
addition, a numerical example is given to illustrate for the obtained results. These results generalize
and extend the main results in [7, 8].
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